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Dedicated to David Eisenbud, with admiration and gratitude.
Abstract. We prove that Galois cohomology satisfies several surprisingly
strong versions of Koszul properties, under a well known conjecture, in the
finitely generated case. In fact, these versions of Koszulity hold for all finitely
generated maximal pro-p quotients of absolute Galois groups which are cur-
rently understood. We point out several of these unconditional results which
follow from our work. We show how these enhanced versions are preserved
under certain natural operations on algebras, generalising several results that
were previously established only in the commutative case.
Contents
1. Introduction 2
1.1. Motivation 2
1.2. Notation and results 3
Acknowledgements 6
2. Koszulity and relatives 6
2.1. Original Koszul property 6
2.2. Enhanced forms of Koszulity 8
3. Elementary type pro-p groups 13
4. Universal Koszulity of ET groups 17
4.1. Free pro-p groups 17
4.2. Demushkin groups 17
4.3. Direct sum 18
4.4. Twisted extension 19
5. Strong Koszulity of ET groups 20
5.1. Free pro-p groups 20
5.2. Demushkin groups 20
5.3. Direct sum 21
5.4. Twisted extension 22
6. Exceptions to Strong Koszulity 22
6.1. Superpythagorean fields 23
6.2. 2-Rigid fields of level 2 24
7. Koszul filtrations and ET operations 26
8. Unconditional results 27
8.1. Abstract Witt rings 27
8.2. Pythagorean formally real fields 31
References 32
Date: May 28, 2019.
2010 Mathematics Subject Classification. Primary 12G05; Secondary 16S37, 16E05, 11E81.
Key words and phrases. Absolute Galois groups, Galois cohomology, Bloch-Kato Conjecture,
Elementary Type conjecture, Koszul algebras, Universally Koszul algebras, Koszul filtration.
1
2 JA´N MINA´Cˇ, MARINA PALAISTI, FEDERICO W. PASINI, NGUY
˜ˆ
EN DUY TAˆN
1. Introduction
1.1. Motivation. An important outstanding problem in Galois theory is to dis-
tinguish absolute Galois groups of fields among all profinite groups. The first sig-
nificant results in this direction were obtained by E. Artin and O. Schreier in 1927
in [AS27a, AS27b], where they show that any finite subgroup of an absolute Galois
group has order ≤ 2. In 2011, M. Rost and V. Voevodsky completed the proof of
the Bloch-Kato conjecture (see [SJ06, HW09, Voe10, Voe11]), which describes the
Galois cohomology of a field in terms of generators and relations, provided the field
contains enough roots of unity. Recently, there has been some considerable activ-
ity related to the vanishing of higher Massey products in Galois cohomology and
to the defining relations of Galois groups (see [HW15], [MT16], [MT17], [EM17],
[GMTW18], [Mat18], [GM], [EQ], [MRT]). Nevertheless, a complete classification
of absolute Galois groups seems to be an overly difficult goal at the moment. One
may ask the simpler question of how to classify all maximal pro-p quotients of ab-
solute Galois groups for a given prime number p, but this turns out to be a difficult
open problem as well.
In our paper we approach the quest of understanding Galois cohomology by re-
solving its relations through basic methods of homological algebra that date back to
D. Hilbert [Hil90]. In other words we consider relations between relations, relations
between relations between relations, and so on. Following Hilbert, we call these
higher order relations syzygies.
In [Pri70], S.B. Priddy singled out a class of graded algebras over fields with
remarkable syzygies, which he named Koszul algebras. There is a fascinating di-
chotomy involving them: namely, the Koszul property is very restrictive, yet Koszul
algebras surprisingly appear in numerous exciting branches of representation the-
ory, algebraic geometry, combinatorics, and computer algebra.
Koszul algebras are quadratic, that is they are generated by degree 1 elements,
and relations are generated by degree 2 elements. A standard reference on quadratic
algebras is [PP05]. An important consequence of Bloch-Kato conjecture is that
Galois cohomology with Fp coefficients is a quadratic algebra, provided that the
ground field contains a primitive pth root of unity. Therefore L. Positselski in his
PhD thesis [Pos98] (see also [Pos05]) and Positselski and A. Vishik in [PV95] began
to consider the idea that mod-p Milnor K-theory and the Galois cohomology of a
field as above may be Koszul algebras.
Priddy also showed in [Pri70] that a quadratic algebra is Koszul if and only if
a certain specific and easily understandable complex is acyclic. In this case, that
complex is actually a resolution of the relations of the algebra, thereby providing
an immediate solution to our initial question. Taking into acount that all relations
in Galois cohomology are consequences of the simple equations a + b = 1 for a, b
in the given ground field, we see that when Galois cohomology is indeed Koszul, it
reveals itself to be as clear and as harmonious as a Mozart symphony.
Formally, Positselski conjectured the Koszulity of the Galois cohomology with
Fp coefficients and the mod-p Milnor K-theory of all fields containing a primitive
pth root of unity, and he proved this assertion for local and global fields, in 2014
(see [Pos14]). On the other hand, from the year 2000 onward, various stronger
versions of Koszulity have been proposed and investigated in commutative algebra,
most of the time in relation to algebraic geometry (see [Con00], [HHR00], [CRV01],
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[CTV01], [CDNR13], [EHH15]), and extended to the noncommutative setting by
D.I. Piontkovski˘ı in [Pio05]. A standard reference on commutative algebra is [Eis95].
In general, deciding whether a given quadratic algebra is Koszul is already dif-
ficult, because of the lack of any combinatorial criteria and screening tests (the
failure of the “natural candidate criteria” is well expressed in [Pos95], [Roo95] and
[Pio01]). In addition, some of these enhanced versions of Koszulity are very re-
strictive even among Koszul algebras, hence one expects that algebras with these
properties should be extremely rare. Paradoxically, however, proving or disproving
these enhanced versions may be easier than deciding about the original Koszulity.
Indeed this is true in our case. In this paper we show that, surprisingly, if a certain
well-known conjecture in Galois theory is true (see Section 3), then nearly all of
these enhanced forms of Koszulity hold for the Galois cohomology of those maximal
pro-p quotients of absolute Galois groups that are finitely generated. In fact our
results encompass all finitely generated pro-p groups that are currently understood
to be maximal pro-p quotients of absolute Galois groups.
1.2. Notation and results. Throughout this paper, p is a prime number, F
is a field, GF = Gal(Fsep/F ) is the absolute Galois group of F and GF (p) =
Gal(F (p)/F ) is its maximal pro-p quotient. Unless otherwise stated, we always
assume the following.
Standing Hypothesis 1.
(1) We work in the category of profinite groups, therefore all groups are un-
derstood to be topological groups. In particular, all homomorphisms are
tacitly assumed to be continuous, and all subgroups to be closed. Moreover,
a group G is said to be finitely generated if it is topologically finitely gener-
ated; that is, there are finitely many elements of G such that the smallest
(closed) subgroup of G containing all of these elements is G itself.
(2) The field F contains a primitive pth root of unity.
(3) The group GF (p) is finitely generated.
Further, we denote H•(G,Fp) to be the group cohomology with continuous
cochains of a profinite group G with coefficients in Fp (see [NSW08, Chapter 1],
[Ser02]). Milnor’s paper [Mil70] introduces a quadratic algebra which is now called
Milnor K-theory, denoted K•(F ). It is the quotient of the tensor algebra on the
multiplicative group F× by the two-sided ideal generated by the tensors a⊗ (1−a),
a ∈ F \ {0, 1}. An important special case of the Bloch-Kato conjecture claims that
there is a natural graded isomorphism, the norm-residue map
h• :
K•(F )
pK•(F )
→ H•(GF ,Fp).
A proof of this conjecture was completed by Rost and Voevodsky in 2011 (see
[SJ06, HW09, Voe10, Voe11]). Two relevant corollaries are that H•(GF ,Fp) is a
quadratic algebra, and that the inflation map
inf : H•(GF (p),Fp)→ H•(GF ,Fp)
is an isomorphism.
For the algebrasH•(GF ,Fp), or equivalentlyH
•(GF (p),Fp), we investigate some
properties related to Koszulity: original Koszulity, the existence of Koszul flags,
the existence of Koszul filtrations, universal Koszulity, strong Koszulity, and the
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PBW property. The definitions of these properties are given in Section 2, along
with relevant bibliographical information. The known relations between them are
summarised in the following diagram, in which all implications are known to be not
invertible.
Universally Koszul
&.❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯
Strongly Koszul
px ❥❥❥❥
❥❥❥❥
❥
❥❥❥❥
❥❥❥❥
❥
Koszul filtration

PBW
nv ❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
Koszul flag

Koszul
Interestingly, the cohomology algebras in (6.1) and (6.3) provide examples of uni-
versally Koszul algebras that are not strongly Koszul (see Propositions 43 and 46
and Propositions 44 and 47). We are not aware of any previous examples of this
behaviour in the literature.
Theorem A. Suppose that GF (p) is either a free pro-p group or a Demushkin
pro-p group. Then H•(GF (p),Fp) is universally Koszul and strongly Koszul.
This is proved in Subsections 4.1, 4.2, 5.1, 5.2.
Free pro-p groups and Demushkin pro-p groups are the building blocks of all
known examples of finitely generated groups of type GF (p). Thus it has been
conjectured that all finitely generated maximal pro-p quotients of absolute Galois
groups of fields satisfying Hypothesis 1 are obtained by assembling free and De-
mushkin pro-p groups via free products and certain semidirect products. This is
the Elementary Type Conjecture for pro-p groups (see Section 3 for details). On the
level of cohomology, the operation corresponding to a free product of pro-p groups is
the direct sum of algebras, and the operation corresponding to the aforementioned
semidirect product is the twisted extension of algebras, which often reduces to a
skew-symmetric tensor product with an exterior algebra (Definition 25 and Remark
26).
Theorem B. The direct sum of any two universally Koszul algebras (respectively,
strongly Koszul algebras, algebras with a Koszul filtration) is universally Koszul
(respectively, is strongly Koszul, has a Koszul filtration).
This is proved in Propositions 30, 37 and 48.
Theorem C. Any twisted extension of a universally Koszul algebra (respectively,
an algebra with a “good” Koszul filtration) is universally Koszul (respectively, has
a “good” Koszul filtration).
This is proved in Proposition 31 and in Proposition 49. By “good” Koszul
filtration, we mean a Koszul filtration which satisfies the condition labeled by ♥ in
Proposition 49.
The analogous result for strong Koszulity does not hold in general: the cohomol-
ogy algebra of a rigid field of level 0 or 2 is a twisted extension of the strongly Koszul
ENHANCED KOSZUL PROPERTIES IN GALOIS COHOMOLOGY 5
algebra F2〈t〉 or F2〈t | t2〉 respectively, yet we prove the following (see Propositions
44 and 47).
Proposition D. Let F be a 2-rigid field of level 0 or 2, such that GF (2) has a
minimal set of generators with at least 3 elements. Then H•(GF (2),F2) is not
strongly Koszul.
Note that this negative result does not disrupt the general harmony of our pic-
ture. In fact, strong Koszulity imposes the too strict condition of working only
within a specific set of generators. This restriction was natural in the setting of the
paper [HHR00] in which strong Koszulity was introduced, but this is not always so
in our context.
The aforementioned examples of universally Koszul algebras that are not strongly
Koszul arise as the cohomology algebras of the previous proposition.
Moreover, strong Koszulity is preserved by twisted extensions whenever they
reduce to skew-symmetric tensor products.
Theorem E. The skew-symmetric tensor product of a strongly Koszul algebra with
a finitely generated exterior algebra is strongly Koszul.
This is Proposition 38; the analogous statement for universally Koszul algebras,
and for algebras with Koszul filtrations, is a corollary of Theorem C.
All together, these results prove that under the Elementary Type Conjecture
for pro-p groups, the algebra H•(GF (p),Fp) is universally Koszul for any finitely
generatedGF (p), and hence in particular it is Koszul. So, as a bonus, we also obtain
a new proof of the main result of [MPQT]. But the different perspective adopted
here adds deep insights into the homological behaviour of modules over Galois
cohomology. In fact an algebra is Koszul if its augmentation ideal, or equivalently its
ground field, has a remarkably good resolution (a linear resolution, see Definition 3).
As pointed out by Piontkovski˘ı in [Pio05], algebras that satisfy enhanced versions of
Koszulity have more modules with linear resolutions. The Galois cohomology of a
pro-p group as above enjoys this property at its maximum: an algebra is universally
Koszul if every ideal generated by elements of degree 1, or equivalently every cyclic
module, has a linear resolution.
There are specific situations in which some form of the Elementary Type Con-
jecture is known to be true. Thus in any of these situations we get unconditional
results. Some significant examples are included in Section 8 and summarised in the
next theorem.
Theorem F. If F has characteristic charF 6= 2 and either
(1) |F×/(F×)2| ≤ 32, or
(2) F has at most 4 quaternion algebras, or
(3) F is Pythagorean and formally real, or more generally
(4) E ⊆ F ⊆ E(2), with E a Pythagorean and formally real field and F/E a
finite extension,
then H•(GF (2),F2) is universally Koszul.
The Bloch-Kato Conjecture and its proof are marvelous advances in Galois the-
ory, however, it seems to us that they are not the completion of the story and that
much stronger properties hold for Galois cohomology. We believe that universal
Koszulity is the right way to strengthen the Bloch-Kato Conjecture, independently
of the Elementary Type Conjecture.
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Conjecture 2. In the standing hypothesis that F contains a primitive pth root of
unity and GF (p) is finitely generated, then H
•(GF (p),Fp) is universally Koszul.
It even may be possible to extend most of our results to infinitely generated
maximal pro-p quotients of absolute Galois groups (in fact, in [Pos14], Positselski
has already successfully proved the PBW property of the Galois cohomology of
general local and global fields). This possible extension, along with the previous
conjecture, is research in progress.
We made a special effort to write this paper in such a way that mathemati-
cians from various areas such as Galois theory, commutative algebra, and algebraic
geometry may find it accessible.
Acknowledgements. We are very grateful to Sunil Chebolu, Ronie Peterson
Dario, Ido Efrat, David Eisenbud, Jochen Ga¨rtner, Stefan Gille, Pierre Guillot,
Chris Hall, Daniel Krashen, John Labute, Eliyahu Matzri, Danny Neftin, Jas-
min Omanovic, Claudio Quadrelli, Andrew Schultz, John Tate, S¸tefan Tohaˇneanu,
Adam Topaz, Thomas Weigel and Olivier Wittenberg for interesting discussions,
enthusiasm, and encouragement concerning this paper and related topics.
2. Koszulity and relatives
In this section, K is an arbitrary field and we consider possibly noncommutative
algebras over K. Ideals and modules are to be assumed as left ideals or modules
unless otherwise specified. Enhanced Koszul properties are defined accordingly. We
warn the reader that some of them are not left-right symmetric: they have a version
for right ideals and modules, and algebras satisfying the left version of a property
need not satisfy the corresponding right version, and vice versa. For example, in
[Pio] it is asserted that the algebra K〈x, y, z, t | zy − tz, zx〉 is universally Koszul
for left ideals but not for right ideals. This problem becomes irrelevant in the
cohomology of absolute Galois groups, as the algebras H•(GF ,Fp) are graded-
commutative ([Mil70]).
2.1. Original Koszul property. An associative, unital K-algebra A is graded if
it decomposes as a direct sum of K-vector spaces A =
⊕
i∈ZAi such that, for all
i, j ∈ Z, AiAj ⊆ Ai+j . Ai is the homogeneous component of degree i. A graded
K-algebra A is connected if Ai = 0 for all i < 0 and A0 = K · 1A ∼= K; generated
in degree 1 if all of its (algebra) generators are in A1; locally finite-dimensional if
dimK Ai <∞ for all i ∈ Z (a common alternative terminology for this is finite-type).
A left module M over a graded algebra A is graded if it decomposes as a direct
sum of K-vector spaces M =
⊕
i∈ZMi such that, for all i, j ∈ Z, AiMj ⊆ Mi+j .
A graded left A-module M is connected if there is a n ∈ Z such that Mi = 0 for
all i < n; generated in degree n if all its (module) generators are in Mn; locally
finite-dimensional or finite type if dimKMi <∞ for all i ∈ Z.
For a vector space V over K, let T (V ) denote the tensor K-algebra generated
by V , that is,
T (V ) =
⊕
n≥0
V ⊗n, with V ⊗0 = K.
This is a graded algebra with algebra multiplication given by the tensor product.
Whenever possible, in writing the elements of a tensor algebra, we will omit tensor
signs, and simply use juxtaposition. In particular, if V is finite-dimensional with
a basis {x1, . . . , xn}, then T (V ) will be identified with the algebra K〈x1, . . . , xn〉
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of noncommutative polynomials in the variables x1, . . . , xn, graded by polynomial
degree.
Ignoring the grading, tensor algebras are the free objects in the category of
(associative, unital) algebras (see [LV12, §1.1.3]), so any algebra is a quotient of
a tensor algebra. When an algebra is presented as a quotient of a tensor algebra,
we will simply identify an element of the former with each of its representatives in
the latter. If the aforementioned quotient is over a two-sided ideal generated by
homogeneous elements, then the new algebra inherits a well-defined grading from
the tensor algebra.
For any graded algebra A, there exists a unique morphism of graded algebras
π : T (A1)→ A that is the identity in degree 1. Clearly, A being generated in degree
1 is equivalent to π being surjective. The algebra A is quadratic if it is generated
in degree 1 and Ker π = (Ker π2) = T (A1)Ker π2T (A1). In this case, we call
V = A1 the space of generators and R = Ker π2 the space of relators, and we use
the notation A = Q(V,R).
Henceforth we assume graded algebras to be locally finite-dimensional, connected
and generated in degree 1, unless otherwise specified. In particular, every such
algebra A is equipped with the augmentation map ε : A→ K, that is the projection
onto A0. Its kernel is the augmentation ideal A+ =
⊕
n≥1An. The augmentation
map gives K a canonical structure of graded A-bimodule concentrated in degree 0,
via the actions a · k = ε(a)k and k · a = kε(a) (a ∈ A, k ∈ K). In what follows,
ground fields of connected graded algebras will always be understood to be equipped
with this graded bimodule structure, or just the left module part thereof.
A graded left module M over a quadratic algebra A is generated in degree n if
and only if the natural map ̟ : A⊗Mn →M induced by the module structure is
surjective. This of course forces Mi = 0 for all i < n. M is quadratic if, for some
n ∈ Z, M is generated in degree n and Ker ̟ is generated, as an A-submodule,
by Ker ̟ ∩ (A1 ⊗Mn). Informally, this means that M has a presentation with
homogeneous degree n generators and homogeneous degree n+ 1 defining relators.
We adhere to the convention that differentials of complexes of graded modules
have degree 0.
Definition 3. Let A be a graded K-algebra and M a graded left A-module gener-
ated in degree n. A resolution (P•, d•) of M by free graded left A-modules is said
to be linear if each Pi is generated in degree i+ n: Pi = A · (Pi)i+n.
Remark 4. This terminology is due to the fact that, if the modules Mi are finitely
generated, the entries of the matrix representing each di in suitable bases are all in
A1.
Definition 5. A quadratic K-algebra A is Koszul if K, as a trivial graded left
A-module concentrated in degree 0, has a linear resolution.
Definition 6. A graded left module M generated in degree n over a quadratic
algebra A is Koszul if it has a linear resolution.
Remark 7. Our definition differs from the original definition in [PP05, Section
2.1] in that, following [Pio05], we allow modules generated in arbitrary degree to
be Koszul. However, this difference is not serious. In fact, for any graded left
module M and any integer z, we can define the shifted module M(z), that is the
same module with shifted grading: M(z)i = Mz+i. A module is Koszul according
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to our definition, if and only if its appropriate shifted module is Koszul according
to [PP05].
A free resolution of K can be contracted to a free resolution of A+ and, con-
versely, a free resolution of A+ can be extended to a free resolution of K. These
operations on resolutions preserve the property of being linear (see also the proof
of Proposition 20). Hence the following statements are equivalent:
(1) A is Koszul;
(2) K is a Koszul left module;
(3) A+ is a Koszul left module.
Remark 8. Since in our assumptions the ground field of an algebra, as a graded
left module, is concentrated in degree 0, Definition 6 is an extension of Definition
5. Moreover, the existence of linear resolutions can be equivalently expressed in
homological terms. Since differentials are assumed to be of degree 0, it is possible
to slice a complex of graded modules into its subcomplexes of vector spaces given
by the homogeneous components. As a consequence, the Tor functors of a graded
module M can be bigraded as follows. Given a graded right module R and a
resolution (P•, d•) of the graded left module M by free graded left modules, the
tensor product complex (R ⊗A P•, idN ⊗ d•) is bigraded: besides the homological
degree, there is the internal degree
(R⊗A Pi)j = ⊕h+k=jNh ⊗A (Pi)k.
The differential idN ⊗ di maps the component of R ⊗A P• of bidegree (i, j) to the
component of bidegree (i − 1, j), so it is possible to define
TorAi,j(R,M) =
Ker di : (R⊗A Pi)j → (R⊗A Pi−1)j
Im di+1 : (R⊗A Pi+1)j → (R⊗A Pi)j .
This applies in particular to the right module R = K with action given by the
augmentation map. Since K is concentrated in degree 0, we obtain
TorAi,j(K,M) =
Ker di : (K ⊗A Pi)j → (K ⊗A Pi−1)j
Im di+1 : (K ⊗A Pi+1)j → (K ⊗A Pi)j .
Now, suppose that M is generated in degree n and (P•, d•) is a linear resolution,
so that each Pi is generated in degree i + n. Let x ∈ (Pi)j with j > i + n. Then
there are a ∈ A+ and z ∈ (Pi)i+n such that x = az. But then, for all k ∈ K,
k ⊗ x = k ⊗ az = kε(a) ⊗ z = 0. In other words, (K ⊗A Pi)j = 0, and hence
TorAi,j(K,M) = 0. Viceversa, if M is generated in degree n and Tor
A
i,j(K,M) = 0
for all i ≥ 0 and j 6= i+ n, then the standard minimal resolution of M constructed
inductively via free covers of kernels (see [PP05, Section 1.4]) is a linear resolution.
To sum up, a graded left module M generated in degree n over a quadratic K-
algebra A is Koszul, if and only if Hi(M)j := Tor
A
i,j(K,M) = 0 for all i ≥ 0 and
j 6= i+ n. From this it follows that a Koszul module is necessarily quadratic.
2.2. Enhanced forms of Koszulity. The Koszul property is difficult to check by
the definition. It turns out that there are properties that imply Koszulity and are
usually easier to check. The first one that we consider is a form of the Poincare´-
Birkhoff-Witt (PBW) Theorem.
In the theory of Lie algebras, the PBW Theorem asserts that, if {xi | i ∈ I ⊆ N}
is a vector space basis of a Lie algebra L, totally ordered by, for example, xi < xj
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for i < j, then the set of monomials
{xk1i1 . . . xklil | xi1 < · · · < xil , ki ∈ N \ {0}} ∪ {1}
is a basis of the universal enveloping algebra U(L).
There is a class of quadratic algebras, introduced in [Pri70], that exhibit an
analogous PBW-type vector space basis. Here we give a brief outline of their
behaviour, referring to [LV12, Chapter 4], [PP05, Chapter 4] or [MPQT, Section
2.4] for more details. Let A = Q(V,R) be a quadratic algebra. We choose a basis B
of the space of generators V and a total order on B. We extend the total order to an
admissible order on all monomials of T (V ). A total order  on the set Mon(T (V ))
of monomials of T (V ) is said to be admissible if
(1) the restriction of  to B coincides with the given total order on that basis;
(2) for all a ∈Mon(T (V )), 1  a;
(3) for all a, b, c ∈Mon(T (V )), a  b⇒ ac  bc, ca  cb.
The -maximal monomial in each element r ∈ R is called the leading monomial of
r. By the Gram-Schmidt process, we can always work with a basis of R such that
the leading monomial of each basis vector has coefficient 1 and does not appear in
any other basis vector. Such a basis is referred to as a normalized basis. Once we
have a normalized basis D, each defining relation r = 0, r ∈ D, of A can then be
interpreted as a reduction rule that substitutes its leading monomial with a linear
combination of -lower monomials. A monomial in T (V ) is said to be reduced if
it is not possible to apply any reduction rule to it, or equivalently if it does not
contain any leading monomial as a submonomial. Any monomial in T (V ) can be
turned into a reduced monomial via the application of finitely many reduction rules,
thanks to the axioms of monomial order and the local finite dimensionality of A.
Hence reduced monomials always linearly span A. The interesting question is when
reduced monomials are linearly independent.
Definition 9. Keeping the previous notation, the ordered basis B of V is called a
set of PBW generators of A if, for some admissible order, the reduced monomials
of T (V ) form a basis of A, which is then called a PBW basis of A.
Note that the existence of a PBW basis depends on the choice of B, the choice of
a total order on it, and the choice of an admissible extension of such a total order.
It may very well happen that some combinations of choices do not produce a PBW
basis, while other combinations do.
Definition 10. A quadratic algebra is PBW if it admits a set of PBW generators.
The advantage of the PBW property lies in the fact that the linear independence
of reduced monomials is completely determined by what takes place in degree 3.
Theorem 11 (Bergman’s Diamond Lemma, [Ber78]). Let A = Q(V,R) be a qua-
dratic algebra. Choose a totally ordered basis B of V and an admissible extension
of the total order to Mon(T (V )). If the set of reduced monomials of degree 3 is
linearly independent, then the set of all reduced monomials is linearly independent.
In particular, A is PBW.
This paves the way for a finite algorithmic procedure that decides whether a
given ordered basis of V is a set of PBW generators of A with respect to a given
admissible order extension to Mon(T (V )). This algorithm is the Rewriting Method
of [LV12, Section 4.1]. In fact, the reduced monomials of degree 3 are linearly
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dependent if and only if there exists a non-reduced monomial of degree 3 that can
be reduced in two distinct ways not terminating with the same reduced monomial.
A monomial of degree 3 is reducible according to two distinct sequences of reduction
rules exactly when both its first 2 letters and its last 2 letters are leading monomials:
in this case the first sequence starts reducing the first 2 letters and the second
sequence starts reducing the last 2 letters. Such monomials are called critical. Each
critical monomial m gives rise to an oriented graph, whose vertices are m itself and
the polynomials obtained from m after each step of each reduction sequence, and
whose edges are the reduction rules applied. The terminal vertices of the graph are
precisely the linear combinations of reduced monomials that are equivalent to m in
A. The graph is confluent if it has a unique terminal vertex. So the chosen ordered
basis B is a set of PBW generators of A for the chosen admissible order extension
if and only if the graph of each critical monomial is confluent. The original proof
that a quadratic PBW algebra is Koszul is due to Priddy [Pri70, Section 5].
For the interested reader, it is worth mentioning that, for quadratic algebras, the
concept of PBW basis is dual to the powerful notion of noncommutative Gro¨bner
basis ([Ber78], [BW98]). A (noncommutative) Gro¨bner basis of a two-sided ideal
I of a tensor algebra is a set G ⊆ I that generates I, and such that the leading
monomials of the elements of G and the leading monomials of the elements of I
generate the same two-sided ideal. A quadratic algebra A = Q(V,R) is PBW if and
only if the two-sided ideal (R) has a quadratic (noncommutative) Gro¨bner basis
(see [LV12, Section 4.3.7]).
Changing perspective, there is a family of enhanced Koszul properties based on
“divide and conquer” strategies. We first recall a concept these properties rely on.
Definition 12. Let A be a K-algebra, I E A a left ideal, and x ∈ A. The colon
ideal I : x is {a ∈ A | ax ⊆ I}. If A is graded-commutative and J E A is another
ideal, there is a more general concept of the colon ideal : I : J = {a ∈ A | aJ ⊆ I}.
Remark 13. If I E A and x ∈ A are homogeneous, then the colon ideal I : x is
also homogeneous. Analogously, in the graded-commutative setting, if I E A and
J E A are homogeneous, then the colon ideal I : J is also homogeneous.
Definition 14. Let A be a quadratic algebra and letX = {u1, . . . , ud} be a minimal
system of homogeneous generators of the augmentation ideal A+. A graded left A-
module M is linear if it admits a system of homogeneous generators {g1, . . . , gm},
all of the same degree, such that, for each {i1, . . . , ik} ⊆ {1, . . . ,m}, the left ideal
of A
(Agi1 + · · ·+Agik−1) : gik = {a ∈ A | agik ∈ Agi1 + · · ·+Agik−1}
is generated by a subset of X . Such a system is called a set of linear generators of
M .
Definition 15. A quadratic algebra A is called strongly Koszul if its augmentation
ideal A+ admits a minimal system of homogeneous generators X = {u1, . . . , ud}
such that for every subset Y ( X , and for every x ∈ X \ Y , the colon ideal (Y ) : x
is generated by a subset of X .
Our definition of strongly Koszul is taken from [CDNR13], and it differs from the
original definition of [HHR00]. In [HHR00], the system of generators is assumed
to be totally ordered, and the property that (ui1 , . . . , uir−1) : uir is generated by a
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subset of X is only required for ui1 < · · · < uir−1 < uir . Since in Galois cohomology
there is no natural total order on generators, we prefer the given version.
Remark 16. Keeping the same notation as in the previous definitions, A is strongly
Koszul if and only if all left ideals (ui1 , . . . , uir−1) are linear left A-modules.
In [HHR00] it is also proved that, over a strongly Koszul commutativeK-algebra
with a minimal system of homogeneous generators {u1, . . . , ud}, any ideal of the
form (ui1 , . . . , uir ) has a linear resolution, and in particular A is Koszul. In the
general (that is, possibly noncommutative) setting, it is immediate that strong
Koszulity implies the existence of a Koszul filtration, defined below.
Definition 17. A collection F of left ideals of a quadratic algebra A is a Koszul
filtration if
(1) each ideal I ∈ F is generated by elements of A1;
(2) the zero ideal and the augmentation ideal A+ belong to F ;
(3) for each nonzero ideal I ∈ F , there exist an ideal J ∈ F , J 6= I, and an
element x ∈ A1 such that I = J + Ax, and the ideal
J : x = {a ∈ A | ax ∈ J}
lies in F .
The concept of Koszul filtration was first introduced for commutative algebras
in [CTV01] as a more flexible version of strong Koszulity. In fact the definition
precisely encodes the properties of strong Koszulity needed to imply the Koszulity
of the relevant ideals, but the formulation is coordinate-free, allowing more choice
in the collection of ideals. The definition in the general setting appeared in [Pio05],
as well as the proof that each ideal of a Koszul filtration is a Koszul module (there
the author works with right ideals, but of course everything carries over to left
ideals).
In particular, out of a Koszul filtration, we can choose ideals with any number
of generators in a range from 1 to the minimal number of generators of the algebra.
This leads to the following definition, which also appeared in [Pio05].
Definition 18. Let A be a quadratic algebra with a d-dimensional space of gener-
ators. A sequence of left ideals (I0, . . . , Id) of A is a Koszul flag if
(1) (0) = I0 < I1 < · · · < Id = A+;
(2) for all k, there is xk ∈ A1, such that Ik+1 = Ik + (xk+1);
(3) for all k, Ik has a linear free graded resolution.
Algebras satisfying one of the preceding conditions have sufficiently many Koszul
cyclic left modules. At the extreme, one may ask for the algebra to have a Koszul
filtration as large as possible, so that all left ideals generated in degree 1, or equiva-
lently all cyclic left modules, are Koszul. In the commutative setting, this property
has been introduced in [Con00] under the name of universal Koszulity. We extend
this definition to the general setting.
Definition 19. A quadratic algebra A is called universally Koszul if every left
ideal generated in degree 1 has a linear resolution.
As in the commutative setting in [Con00], we define
L(A) = {I E A | I = AI1}
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to be the set of all left ideals of A generated in degree 1, and we have the following
characterisation of universally Koszul algebras, which is proved exactly as in the
commutative setting ([Con00, Proposition 1.4]).
Proposition 20. Let A be a quadratic K-algebra. The following conditions are
equivalent:
(1) A is universally Koszul ;
(2) for every I ∈ L(A), one has TorA2,j(A/I,K) = 0 for every j > 2 (here A/I
is declared to be generated in degree 0);
(3) for every J ∈ L(A) and every x ∈ A1 \ J , one has J : x ∈ L(A);
(4) L(A) is a Koszul filtration.
Proof.
(1)⇒(2) By general principles of homological algebra, a linear resolution of I, which
exists by definition of universal Koszulity, can be extended to a linear res-
olution of A/I:
. . . // P2
d2 // P1
d1 //
  
  
  
  
  
  
 
P0
d0 // //
  
  
  
  
  
  
 
I  _
ι

P
p
ι
✂✂
✂✂
✂✂
✂✂
✂✂
✂✂
✂
A
pi
. . . // P1
d1 //
&& &&◆◆
◆◆◆
◆◆◆
◆ P0
α=ιd0 //
d0 && &&◆◆
◆◆◆
◆◆◆
◆◆ A
pi // // A/I.
. . . Ker d0
?
OO
I
?
ι
OO
Here A is generated in degree 0 as a left A-module, so that α maps the
elements of degree 1 (the generators of P0) to elements of degree 1 (the
generators of I inside A). In other words, the map α respects our convention
that differentials have degree 0. Note that I is generated in degree 1, while
R/I is generated in degree 0, so there is no need to artificially alter the
degrees of the Pi’s in the resolution of R/I (compare this with Definition
3). In particular, each Pi is generated in degree i + 1 in both resolutions.
Now (2) is a particular case of Remark 8.
(2)⇒(3) Let J ∈ L(A) be generated by y1, . . . , yd ∈ A1 (the system of generators
can be chosen to be finite because, in our assumptions, dimK(A1) < ∞)
and let x ∈ A1 \ J . A presentation φ : A ⊕ Ad ։ Ax + J defines the first
step of a (minimal) free resolution
Ax⊕ (Ay1 ⊕ · · · ⊕Ayd) d0 // Ax+ J.
The free left A-module on a set of generators of Ker d0 serves as the graded
module in homological degree 2 in a free resolution of A/(Ax+ J). There-
fore, by (2), Ker d0 has to be generated by elements of degree 2 in A.
Correspondingly, the syzygy module Ker φ is generated by sums of ele-
ments of degree 1 in A. But J : x is the projection of Ker φ onto the first
coordinate, so it has to be generated by elements of degree 1 in A.
(3)⇒(4) The first two conditions in the definition of Koszul filtration are trivially
satisfied. As regards the third, let I = Ax1+ · · ·+Axn ∈ L(A) \ {(0)}, and
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suppose that no proper subsets of {x1, . . . , xn} ⊆ A1 generate I. Setting
J = Ax2 + · · ·+Axn, we have I = J +Ax1 6= J , and J : x ∈ L(A) by (3).
(4)⇒(1) This is Proposition 2.2 in [Pio05].

In our treatment of enhanced Koszulity, we will often deal with extensions of
algebras, and in particular with some ideals of the smaller algebra that have to be
extended to the larger one, or vice versa. These two processes are defined below.
Definition 21. Let A ⊆ B be two K-algebras. Given a left ideal I of A, we define
its extension to B to be the intersection Ie of all left ideals of B that contain I.
In other words, Ie is the ideal of B generated by I. Given a left ideal J of B, we
define its contraction to A to be the left ideal Jc = J ∩A of A. In case A1, A2 are
two subalgebras of B, we will use the notation JcA1 or J
c
A2
to differentiate between
the contractions of J to either subalgebra.
In the same spirit, when dealing with colon ideals, when we need to specify the
algebra in which they are defined, we add the name of that algebra as a subscript
to the colon sign.
3. Elementary type pro-p groups
Recall that GF (p) is the maximal pro-p quotient of the absolute Galois group of
F . The class of all finitely generated pro-p groups of the form GF (p), for some field
F as in Hypothesis 1, is far from being well understood. A conjectural description
of such groups has been proposed in [JW89] for p = 2, and in [Efr95] for p odd. It is
called the Elementary Type Conjecture, and it was motivated by the homonymous
conjecture for Witt rings of quadratic forms (see Conjecture 60).
At present, all finitely generated pro-p groups that are known to be realisable
as GF (p), for some field F as in Hypothesis 1 (in short: realisable), belong to
a restricted class defined inductively from two basic types of groups: free pro-p
groups ([Ser02, Section I.1.5]) and Demushkin groups (defined below). All free pro-
p groups are realisable ([LvdD81, Section 4.8]), most over local fields not containing
primitive pth roots of unity ([Ser02, Section II.5, Theorem 3]). On the other hand,
the maximal pro-p quotients of absolute Galois groups of local fields containing
primitive pth roots of unity are Demushkin ([Ser02, Section II.5, Theorem 4]), but
it is not known whether all Demushkin groups are realisable.
The Elementary Type Conjecture claims that all realisable finitely generated
pro-p groups can be built from the previous basic groups, endowed with a character
that records the group action on roots of unity. We first introduce
Definition 22. A cyclotomic pair is a couple (G,χ) made up of a pro-p group
G and a continuous homomorphism χ from G to the multiplicative group of units
of Zp. We call χ a cyclotomic character. The vocabulary of group properties is
extended to cyclotomic pairs, so that, for example, a finitely generated cyclotomic
pair is a cyclotomic pair (G,χ), such that G is finitely generated as a pro-p group.
This terminology is justified in view of the situation when G = GF (p) for a field
F as in Hypothesis 1. The action of GF (p) on the group µp∞ of the roots of unity
of order a power of p lying in Fsep induces a homomorphism χp : G → Aut(µp∞).
This homomorphism is known in the literature as the (p-adic) cyclotomic character.
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A finitely generated pro-p group is free on a set I = {x1, . . . , xd} if it is the
inverse limit of the groups F (I)/M , where F (I) is the discrete free group on I
and M runs over the normal subgroups of F (I) with index a (finite) power of p.
Equivalently, free pro-p groups are the free objects in the category of pro-p groups
(see [Ser02, I.1.5], where not necessarily finitely generated free pro-p groups are
introduced).
A Demushkin group is a finitely generated pro-p group G such that H2(G,Fp)
is a 1-dimensional Fp-vector space and the cup product induces a non-degenerate
pairing
H1(G,Fp)×H1(G,Fp)→ H2(G,Fp).
In this situation, we identify H2(G,Fp) with Fp.
The classification of Demushkin groups was achieved by J. Labute ([Lab67]),
building on previous contributions by S. P. Demushkin ([Dem61] and [Dem63])
and J.-P. Serre ([Ser95]). The only finite Demushkin group is C2, the group of
order 2, which is also the only Demushkin group that can be generated by just
1 element.([NSW08, Proposition 3.9.10]). It has a unique cyclotomic character
with image {−1,+1}. Infinite Demushkin groups are classified by two invariants.
The first is the minimal number of generators. As regards the second, each De-
mushkin group G has a unique distinguished cyclotomic character χG. It is charac-
terised by the fact that the topological G-module Zp, where the G-action is induced
by χG, has the property that, for all i ∈ N \ {0}, the canonical homomorphism
H1(G,Zp/p
iZp) → H1(G,Zp/pZp) is surjective (see [Lab67, Proposition 6 and
Theorem 4] and also [Ser95]). We then define the second invariant q = q(G) to be 2
if ImχG = {−1,+1}, and to be the maximal power pk such that ImχG ⊆ 1 + pkZp
otherwise.
Remark 23. The classification of Demushkin groups also provides an explicit de-
scription of their cohomology. Note that, since C2 is finite, its Galois cohomology
with F2 coefficients coincides with its classical (discrete) cohomology with F2 coef-
ficients, which is the polynomial ring in one variable over F2 ([Bro12, Section III.1,
Example 2]). On the other hand, infinite Demushkin groups have their Galois coho-
mology with Fp coefficients concentrated in degrees 0, 1, 2. So, by their definition,
their cohomology with Fp coefficients is completely determined by the effect of the
cup product on a basis of the first cohomology group. Let d denote the cardinality
of a minimal set of generators of an infinite Demushkin group G. There are 3 cases
in which G can fall (see [Lab67, Proposition 4]).
(1) Suppose first that G is a Demushkin group with second invariant q 6= 2. In
this case, the minimal number of generators is necessarily even: d = 2k with
k ∈ N \ {0}. Moreover, there exists a symplectic basis X = {a1, . . . , a2k} of
H1(G,Fp) such that
a1 ∪ a2 = a3 ∪ a4 = · · · = a2k−1 ∪ a2k = 1,
a2 ∪ a1 = a4 ∪ a3 = · · · = a2k ∪ a2k−1 = −1,
ai ∪ aj = 0 for all other i, j.
These Demushkin groups are those studied by Demushkin in [Dem61] and
[Dem63].
(2) Now suppose that G is a Demushkin pro-2 group on d = 2k+1 generators,
k ∈ N \ {0}. Then there is a basis X = {a1, . . . , a2k+1} of H1(G,F2) such
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that
a1 ∪ a1 = a2 ∪ a3 = a4 ∪ a5 = · · · = a2k ∪ a2k+1 = 1,
a3 ∪ a2 = a5 ∪ a4 = · · · = a2k+1 ∪ a2k = 1,
ai ∪ aj = 0 for all other i, j.
These Demushkin groups are those studied by Serre in [Ser95].
(3) Suppose finally that G is a Demushkin pro-2 group on d = 2k generators,
k ∈ N \ {0}, with second invariant q = 2. Then there is a basis X =
{a1, . . . , a2k} of H1(G,F2) such that
a1 ∪ a1 = a1 ∪ a2 = a3 ∪ a4 = · · · = a2k−1 ∪ a2k = 1,
a2 ∪ a1 = a4 ∪ a3 = · · · = a2k ∪ a2k−1 = 1,
ai ∪ aj = 0 for all other i, j.
These Demushkin groups are those studied by Labute in [Lab67].
The free product of two cyclotomic pairs (G1, χ1) and (G2, χ2) is the cyclotomic
pair (G1 ∗p G2, χ1 ∗p χ2), where G1 ∗p G2 is the coproduct of G1 and G2 in the
category of pro-p groups, and χ1 ∗p χ2 is the character induced by χ1 and χ2 via
the universal property of the coproduct.
The cyclotomic semidirect product of the cyclotomic pair (G,χ) with Zmp , m ∈
N \ {0}, is the cyclotomic pair (Zmp ⋊G,χ ◦π), where Zmp ⋊G is defined by the rule
g(x1, . . . , xm)g
−1 = (χ(g)x1, . . . , χ(g)xm), and π : Z
m
p ⋊ G → G is the canonical
projection.
We are now ready to state the Elementary Type Conjecture for pro-p
groups. At first, we shall formulate it for finitely generated pro-p groups of the form
GF (p) when either p is odd or p = 2 and
√−1 ∈ F . The reason for the additional
hypothesis
√−1 ∈ F in the case p = 2 lies in the different behaviour of the group
µ2∞ of the roots of unity of order a power of 2 in Fsep, compared to the groups
µp∞ for p odd. In fact, we can identify Aut(µ2∞) ∼= Z∗2 = {±1}× 〈5〉 ∼= {±1}×Z2.
If p = 2 and
√−1 ∈ F , then the cyclotomic character χ2 : GF (2)→ Aut(µ2∞) has
image
(3.1) Im χ2 ⊆ {+1} × 〈5〉 ∼= 〈5〉 ∼= Z2,
similarly to what happens for p odd. If instead p = 2 and
√−1 /∈ F , then the values
of χ2 would be in general in {±1}×Z2 and so the description of the action of GF (2)
on the roots of unity would be more complicated. As a consequence, the Elemen-
tary Type Conjecture on the level of groups, which relies on the aforementioned
group action, would be more complicated as well (see [JW89]). We can avoid this
more complicated case here because in Section 8 we consider a related but distinct
Elementary Type Conjecture, on the level of Witt rings of quadratic forms over
F rather than on the level of GF (p). This conjecture is sufficient to describe all
known Galois cohomology algebras H∗(GF (2),F2), including the case p = 2 and√−1 ∈ F .
As we noted above, it is not known whether all Demushkin groups are of the form
GF (p). However, we are able to prove our results on Koszulity of their cohomology
regardless of whether they are realisable or not. Hence our theorems are formulated
in terms of the following class of groups, which may possibly be larger than necessary
from a Galois-theoretic perspective.
Definition 24. The class Ep of elementary type cyclotomic pairs is the smallest
class of cyclotomic pairs such that
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(a) any pair (S, χ), with S a finitely generated free pro-p group and χ an
arbitrary cyclotomic character, is in Ep; the pair (1, 1) consisting of the
trivial group and the trivial character is not excluded;
(b) any pair (G,χ), with G a Demushkin group and χ its unique cyclotomic
character, provided Im χ ⊆ 1 + pZp if p is odd, or Im χ ⊆ 1 + 4Z2 if p = 2
(this condition on the cyclotomic character is the translation of (3.1) in the
abstract group-theoretic language);
(c) if (G1, χ1), (G2, χ2) ∈ Ep, then the free product (G1 ∗p G2, χ1 ∗p χ2) is also
in Ep;
(d) if (G,χ) ∈ Ep, then, for any positive integer m, the cyclotomic semi-direct
product (Zmp ⋊G,χ ◦ π) is also in Ep.
An elementary type pro-p group (ET group for short) is a group G appearing in a
pair in Ep.
The general Elementary Type Conjecture for pro-p groups states that all
finitely generated pro-p groups of the form GF (p), for p odd and F a field containing
a primitive pth root of unity, or for p = 2 and
√−1 ∈ F , are ET groups. Additional
details may be found in [MPQT].
There is a parallel inductive description of the Galois cohomology algebras of
ET groups in terms of two basic operations.
Definition 25. Let A = Q(VA, RA) and B = Q(VB , RB) be two quadratic algebras
over a field K.
(1) The direct sum of A and B is the quadratic algebra
A ⊓B = T (A1 ⊕B1)
(R)
, with R = RA ⊕RB ⊕ (A1 ⊗B1)⊕ (B1 ⊗A1).
(2) The skew-symmetric tensor product of A and B is the quadratic algebra
A⊗−1 B = T (A1 ⊕B1)
(R)
, with R = RA ⊕RB ⊕ 〈ab+ ba | a ∈ A1, b ∈ B1〉.
(3) Suppose that A has a distinguished element t ∈ A1 such that t+ t = 0, and
let XJ = {xj | j ∈ J} be a set of distinct symbols not in A. The twisted
extension of A by XJ over t is the quadratic K-algebra A(t | XJ) with
space of generators spanK(A1 ∪ {xj | j ∈ J}) and space of relators
spanK(R ∪ {xixj + xjxi, xja+ axj , x2j − txj | i, j ∈ J, a ∈ A1})
. When XJ = {x1, . . . , xm}, we will use the notation A(t | x1, . . . , xm).
Remark 26. Note that the condition t+t = 0 in the definition of twisted extension
forces t = 0 whenever the characteristic of the ground field differs from 2. If the
characteristic is 2, then t may or may not be 0. A twisted extension A(0 | XJ)
with t = 0 is the same as the skew-symmetric tensor product of A with the exterior
algebra Λ〈XJ〉. Moreover, A(0 | x1, . . . , xm) admits an additional ⊕mi=1Z-grading,
characterised by
(3.2) A(0 | x1, . . . , xm)(ε1,...,εm) = spanK{axε11 · · ·xεmm | a ∈ A}.
The defining relations make the algebra concentrated in degrees {0, 1}m.
In particular, A(0 | x) has the additional Z-grading
A(0 | x)0 = A,A(0 | x)1 = Ax,A(0 | x)k = 0 for k ≥ 2.
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Independently of whether or not t = 0, the elements of a twisted extension A(t | x)
can be written in the normal form u + vx for suitable u, v ∈ A. By the shape of
the defining relations of A(t | x), a monomial in the left ideal (x) can be written
as a word with only one x, but it is not possible to write it as a word without
x. As a consequence, the coefficients u and v above are uniquely determined: if
u + vx = u′ + v′x, then u − u′ = (v′ − v)x; since the left-hand-side belongs to A,
while a multiple of x belongs to A if and only if it is 0, we conclude that v = v′ and
u = u′.
If G1 and G2 are pro-p groups, then H
•(G1∗pG2,Fp) ∼= H•(G1,Fp)⊓H•(G2,Fp)
(see [NSW08, Theorem 4.1.4]), and if G is an ET pro-p group, then H•(Zmp ⋊
G,Fp) ∼= H•(G,Fp)(0 | x1, . . . , xm) (see [MPQT, Section 5.4]). Therefore, the
cohomology H•(G,Fp) of an ET group can be obtained via a finite sequence of
direct sums and skew-symmetric tensor products of cohomology algebras with Fp
coefficients of free pro-p groups and cohomology algebras with Fp coefficients of ET
Demushkin pro-p groups.
The results in Section 8.1 imply an analogous description of the Galois coho-
mology algebra of finitely generated pro-2 groups of the form GF (2) which may
not necessarily satisfy Definition 24. One has simply to allow general twisted ex-
tensions over an element t that is not necessarily 0 (see Proposition 57). Through
this idea, for pro-2 groups we may formulate a weaker form of Elementary Type
Conjecture, which gathers the case of GF (2) with
√−1 ∈ F and the case of GF (2)
with
√−1 /∈ F under the same umbrella.
A Weak elementary type (WET) pro-2 group is a finitely generated pro-2 group
G such that H•(G,F2) can be obtained via a finite sequence of direct sums and
twisted extensions of cohomology algebras with F2 coefficients of free pro-2 groups
and cohomology algebras with F2 coefficients of Demushkin pro-2 groups. The
Weak Elementary Type Conjecture for pro-2 groups claims that all finitely
generated pro-2 groups of the form GF (2), for some field F of characteristic not 2,
are WET groups.
To sum up, on the level of cohomology we can reunify the various forms of
Elementary Type Conjecture into the description of a single family of algebras
which encompasses the Galois cohomology algebras of any known GF (p) satisfying
the Standing Hypothesis 1.
4. Universal Koszulity of ET groups
4.1. Free pro-p groups.
Proposition 27. Suppose that G is a finitely generated free pro-p group. Then
H = H•(G,F2) is universally Koszul.
Proof. Since the cohomology is concentrated in degrees 0 and 1, the product of any
two elements of positive degree is 0. Hence, I : x = H+ for all I E H, I 6= H+ and
for all x ∈ H1 \ I. The claim follows from condition 3 of Proposition 20. 
4.2. Demushkin groups.
Proposition 28. The cohomology H = H•(C2,F2) of the group of order 2 is
universally Koszul.
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Proof. As recalled in Remark 23, H = F2[t] is a free algebra on one generator.
Therefore, I : x = (0) for all I ∈ L(H)\{H+} and all x ∈ H1 \ I. The claim follows
from condition 3 of Proposition 20. 
Proposition 29. Suppose that G is an infinite Demushkin pro-p group. Then
H = H•(G,Fp) is universally Koszul.
Proof. Let I ∈ L(H) \ {H+} and let x ∈ H1 \ I. Let us first address the case
I = (0). The ideal (0) : x is made of all of the solutions of the equation ax = 0 in
the variable a ∈ H . This equation has a nonzero solution in H1 for any x, by the
definition of a Demushkin group (see also Remark 23). So (0) : x 6= (0), whence
H1((0) : x) ⊇ H2 by nondegeneracy of the cup product. Now, for a general I, we
have (0) : x ⊆ I : x, so again H1(I : x) ⊇ H2.
But in general, if J is a left ideal of a graded algebra A generated in degree 1 such
that A1J ⊇ A2, then J = AJ1. In fact, using the hypothesis that A is generated in
degree 1, for all n ∈ N,
An+1 = An−1A2 ⊆ An−1A1J = AnJ.
Now if a is a homogeneous element of Jn+1 for some n ∈ N, then a ∈ An+1 ⊆ AnJ ,
and so, taking the degree of a into account, a ∈ AnJ1.
This shows that condition 3 of Proposition 20 holds. 
4.3. Direct sum.
Proposition 30. Let A and B be universally Koszul algebras over an arbitrary
field K. Then the direct sum C = A ⊓B is universally Koszul.
Proof. The proof is almost exactly the same as in the commutative case ([Con00,
Lemma 1.6(3)]). Let I ∈ L(C) \ {C+} and let x ∈ C1 = A1 ⊕ B1 \ I. Write
I = (a1 + b1, . . . , ak + bk) and x = a + b, with ai, a ∈ A1 and bi, b ∈ B1. Set
JA = (a1, . . . , ak), JB = (b1, . . . , bk) and J = JA
e + JeB = JA + JB E C. Then
I ⊆ J . Moreover, if c ∈ Ji for i ≥ 2, then c ∈ Ii because A+ annihilates B+ and
conversely. We claim that I : x = (J : x)∩C+. In fact, on the one hand, if c ∈ C is
such that cx ∈ I, then cx ∈ J , so c ∈ J : x, and c ∈ C+ since by assumption x /∈ I.
On the other hand, c ∈ J : x and c ∈ C+ imply cx ∈ ⊕i≥2Ji = ⊕i≥2Ii, so c ∈ I : x.
As a consequence, if x ∈ J , then I : x = C+ ∈ L(C). Otherwise, I : x = J : x,
and there are three cases to consider.
(1) If a /∈ JA and b /∈ JB , then J : x = (JA :A a)e + (JB :B b)e. Indeed, let
c ∈ J : x. Using Remark 13, we may assume that c is homogeneous, and
c ∈ C+ since x /∈ J . Then cx ∈ JA+JB. Writing c = cA+cB with cA ∈ A+
and cB ∈ B+, we obtain cx = (cA+cB)a+(cA+cB)b = cAa+cBb ∈ JA+JB.
Hence, cAa ∈ JA and cBb ∈ JB. Therefore, cA ∈ JA :A a and cB ∈ JB :B b,
whence c ∈ (JA :A a)e + (JB :B b)e. Conversely, if c = cA + cB ∈ (JA :A
a)e + (JB :B b)
e, then cA ∈ A+ and cB ∈ B+, as a /∈ JA and b /∈ JB.
Hence, cx = cAa+ cBb with cAa = ca ∈ JA and cBb = cb ∈ JB. Therefore,
cx ∈ JA + JB, or equivalently, c ∈ J : x.
(2) If a ∈ JA and b /∈ JB, then J : x = (A+)e + (JB :B b)e. In fact, if
c ∈ J : x, we may again assume that c is homogeneous, by Remark 13,
and that c ∈ C+, because x /∈ J . Then with the same notation as before,
cx = cAa+ cBb ∈ JA+ JB. Since a ∈ JA, for all cA ∈ A+, cAa ∈ JA, hence
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cBb ∈ (JA+JB)∩B = JB. To sum up, c ∈ (A+)e+(JB :B b)e. The reverse
inclusion is obvious.
(3) If a /∈ JA and b ∈ JB, then J : x = (JA :A a)e + (B+)e. The proof is
analogous to the previous case.
In all cases, since JA :A a ∈ L(A) ∋ A+ and JB :B b ∈ L(B) ∋ B+, we deduce that
J : x ∈ L(C). The statement now follows from condition 3 of Proposition 20. 
4.4. Twisted extension.
Proposition 31. Let A = Q(V,R) be a universally Koszul algebra over an arbitrary
field K. Then the twisted extension B := A(t | x1, . . . , xm) is universally Koszul.
Proof. Since A(t | x1, . . . , xm) = A(t | x1)(t | x2) . . . (t | xm), by induction it is
enough to prove the claim for
B = A(t | x) = T (V ⊕ spanK{x})
(R ∪ {x2 − tx, xa+ ax | a ∈ V }) .
The collection L(B) obviously satisfies the first two conditions in the definition of
Koszul filtration, so we shall focus on the third. Let I ∈ L(B) \ {(0)}.
(1) Suppose that I has a complete set of generators belonging to A; that is,
I = IA
e for some IA ∈ L(A). Then, by the universal Koszulity of A,
there exist JA ∈ L(A) \ {IA} and a ∈ A1 such that IA = JA + Aa and
JA :A a ∈ L(A). Set J = JAe.
First we claim that J ∩ A = JA. Indeed, let {a˜i} be a set of generators
of JA. The same set also generates J as a left ideal of B. Let u ∈ J ∩ A;
then u =
∑
i(ui + vix)a˜i =
∑
i uia˜i − (
∑
i va˜i)x; since u ∈ A, it follows
from the uniqueness of the normal form of elements in B that u
∑
i uia˜i,
whence u ∈ JA. The reverse inclusion is obvious.
Then we claim that J 6= I = J+Ba. The equality is a direct consequence
of IA = JA +Aa. As regards the inequality, suppose by contradiction that
J = I; then a ∈ J ; but since a ∈ A, by the previous claim, a ∈ JA; as a
consequence, IA = JA + Aa = JA, in contradiction to the construction of
JA.
Finally, we claim that J :B a = (JA :A a)
e. In fact, if J :B a contains
an arbitrary element in normal form u + vx ∈ B, u, v ∈ A (recall Remark
26), then ua + vxa = ua − vax ∈ J . Writing ua− vax = ∑i(ui + vix)a˜i,
where the a˜i’s are the generators of J , and factoring x out in the right-
hand-side, by the uniqueness of the normal form ua =
∑
i uia˜i ∈ J ∩A and
va =
∑
i via˜i ∈ J ∩ A separately. This means that u, v ∈ JA :A a, whence
u + vx ∈ (JA :A a)e. For the reverse inclusion, the generators of JA :A a
belong to J :B a by construction. This implies that J :B a ∈ L(B).
(2) Now suppose that I does not have a set of generators all included in A. Us-
ing suitable K-linear combinations of generators, which of course preserve
degrees, we can reduce to the case I = IA
e + (x+ l), where IA ∈ L(A) and
l ∈ A1 \ I. We first address the case l = 0, that is, I = IAe + Bx. Set
J = IA
e. Then J 6= I = J+Bx and J :B x = J+(−t+x). In fact, if J :B x
contains an arbitrary element u + vx ∈ B in normal form as before, then
ux + vx2 = ux + vtx ∈ J . Writing ux + vtx = ∑i(ui + vix)a˜i, where the
a˜i’s are the generators of J , by the uniqueness of the normal form u+ vt =
−∑i via˜i ∈ J . But then u+vx = u+vt+v(−t+x) ∈ J+(−t+x). For the
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reverse inclusion, the generators of J +(−t+x) belong to J :B x thanks to
the defining relation x2 − tx of B. Again it follows that J :B x ∈ L(B).
Now if l is arbitrary, we consider the automorphism of graded algebras1
ξ : B → B defined as ξ (u+ vx) = u+ v(x− l). This automorphism sends
J to Ie +Bx, so the general case reduces to the previous special case.
The statement now follows from condition 4 of Proposition 20. 
5. Strong Koszulity of ET groups
5.1. Free pro-p groups.
Proposition 32. Suppose that G is a free pro-p group on n generators. Then
H = H•(G,Fp) is strongly Koszul.
Proof. In this case, the cohomology is concentrated in degrees 0 and 1, that is, the
space of relators of the cohomology is the span of all quadratic monomials. The
result then follows from [EH12, Corollary 6.6]. 
5.2. Demushkin groups. Let d denote the cardinality of a minimal set of gener-
ators of a Demushkin group G.
Proposition 33. Suppose that G = C2. Then H = H
•(G,F2) is strongly Koszul.
Proof. As recalled in Remark 23, H = F2[t], which is strongly Koszul, because
(0) : t = (0). 
Proposition 34. Suppose that G is a Demushkin group with invariant q 6= 2. Then
H = H•(G,Fp) is strongly Koszul.
Proof. In this case, there exists a symplectic basis X = {a1, . . . , a2k} of H1 =
H1(G,Fp) as in case 1 of Remark 23. Now there are only two cases to consider in
order to verify the condition of Definition 15.
(1) If the subset Y is a singleton {ai}, then the only colon ideal involved is
(0) : ai =
{
({aj | j 6= i− 1}) i even
({aj | j 6= i+ 1}) i odd.
(2) If Y contains at least 2 elements, then, besides a colon ideal of the preceding
type, the colon ideals of the form (ai1 , . . . , aij−1 ) : aij for j > 1 are involved.
But each of these ideals is just the whole (X).

Proposition 35. Suppose that G is a Demushkin pro-2 group on d = 2k + 1
generators, k ∈ N \ {0}. Then H = H•(G,F2) is strongly Koszul.
Proof. There is a basisX = {a1, . . . , a2k+1} ofH1 =1 (G,F2) as in case 2 of Remark
23.
(1) If the subset Y is a singleton {ai}, then the only colon ideal involved is
(0) : ai =

({aj | j 6= 1}) i = 1
({aj | j 6= i+ 1}) i even
({aj | j 6= i− 1}) i > 1 odd.
1The symbol
ξ
was chosen and strongly defended by the second author, despite the doubts of
the third author.
ENHANCED KOSZUL PROPERTIES IN GALOIS COHOMOLOGY 21
(2) If Y contains at least 2 elements, then our argument is exactly as in Propo-
sition 34.

Proposition 36. Suppose that G is a Demushkin pro-2 group on d = 2k generators,
k ∈ N \ {0}, with invariant q = 2. Then H = H•(G,F2) is strongly Koszul.
Proof. There is a basisX = {a1, . . . , a2k} ofH1 = H1(G,F2) as in case 3 of Remark
23. With the change of basis
b1 = a1, b2 = a2 + a1, bi = ai (i = 3, . . . , 2k),
the cup product is given by
b1 ∪ b1 = b2 ∪ b2 = b3 ∪ b4 = · · · = b2k−1 ∪ b2k = 1,
b4 ∪ b3 = · · · = b2k ∪ b2k−1 = 1,
ai ∪ aj = 0 for all other i, j.
This provides the following description of the relevant colon ideals.
(1) If the subset Y is a singleton {bi}, then the only colon ideal involved is
(0) : bi =

({bj | j 6= 1}) i = 1
({bj | j 6= 2}) j = 2
({bj | j 6= i+ 1}) i > 1 odd
({bj | j 6= i− 1}) i > 2 even.
(2) If Y contains at least 2 elements, then our argument is exactly as in Propo-
sition 34.

5.3. Direct sum.
Proposition 37. Let A and B be strongly Koszul algebras over an arbitrary field K
with respect to the minimal systems of homogeneous generators XA = {a1, . . . , ac}
and XB = {b1, . . . , bd}, respectively. Then the direct sum A ⊓B is strongly Koszul
with respect to the minimal system of generators {a1, . . . , ac, b1, . . . , bd}.
Proof. The two key ideas are that every element x ∈ A⊓B has a unique decomposi-
tion x = xA+ xB, with xA ∈ A and xB ∈ B, and that the elements of A annihilate
xB, and conversely.
(1) A left ideal of A ⊓ B of the shape I = (ai1 , . . . , aik−1) : aik coincides
with (IcA)
e + (B+)
e by the definition of the direct sum. By hypothesis,
IcA is generated, as a left ideal of A, by a subset YA of XA, so I = (YA ∪
XB). An analogous argument works for a left ideal of A ⊓ B of the shape
(bi1 , . . . , bik−1) : bik .
(2) A left ideal of A ⊓ B of the shape I = (ai1 , . . . , aih , bj1 , . . . , bjk−1) : bjk
coincides with (A+)
e + (((bj1 , . . . , bjk−1) : bjk)
c
B)
e by the definition of the
direct sum. By hypothesis, ((bj1 , . . . , bjk−1) : bjk)
c
B is generated, as a left
ideal of B, by a subset YB ofXB, so I = (XA∪YB). An analogous argument
works for a left ideal of A⊓B of the shape I = (ai1 , . . . , aih−1 , bj1 , . . . , bjk) :
aih .

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5.4. Twisted extension.
Proposition 38. Let A = Q(V,R) be a strongly Koszul K-algebra over an arbi-
trary field K with respect to the minimal system of homogeneous generators XA =
{a1, . . . , ad} and let XJ = {x1, . . . , xm}. Then the twisted extension B := A(0 |
XJ) = A⊗−1 Λ(x1, . . . , xm) is strongly Koszul with respect to the minimal system
of homogeneous generators {a1, . . . , ad, x1, . . . , xm}.
Proof. Since A(0 | XJ) = A(0 | x1)(0 | x2) . . . (0 | xm), by induction it is enough to
prove the statement for the algebra
B = A(0 | x) = T (spanK(XA ∪ {x})
(R ∪ {x2, xai + aix | ai ∈ XA}) .
The only relation between x and any element of A+ is skew-commutativity. As a
consequence:
(1) If, in A, (ai1 , . . . , aik) : aik+1 = (aj1 , . . . , ajr ), then in B
(ai1 , . . . , aik) : aik+1 = (aj1 , . . . , ajr ),
(ai1 , . . . , aik , x) : aik+1 = (aj1 , . . . , ajr , x).
(2) (ai1 , . . . , aik) : x = (ai1 , . . . , aik , x).
In fact any element b ∈ B can be expressed as a sum u+ vx with u, v ∈ A, and the
summands u and vx are exactly the homogeneous components of b with respect to
the additional grading (3.2). Since the left-hand-side colon ideals are homogeneous
with respect to the additional grading (3.2), an element b belongs to one of these
ideals, if and only if both u and vx belong to that ideal. 
6. Exceptions to Strong Koszulity
Strong Koszulity may not be preserved by twisted extensions in characteristic 2,
when t 6= 0. In this section we present two notable families of examples.
Definition 39 ([Lam05]). The level (Stufe) of a field F , denoted s(F ), is the
smallest positive integer k such that −1 can be written as a sum of k squares in F ,
provided such integer exists, and 0 otherwise.
Remark 40. If charF = 2, then s(F ) = 1, since −1 is a square. If charF 6= 2,
then s(F ) = 0 if and only if the field is formally real. Otherwise, s(F ) is a power
of 2 (see [Lam05]).
The level of a field F is related to the value set of some quadratic forms over it.
For a ∈ F×, [a] denotes the image of a in F×/(F×)2. The value set of a quadratic
form φ over F is defined as DFφ = {[a] ∈ F×/(F×)2 | a is represented by φ}.
Definition 41. A field F is 2-rigid if, for all a ∈ F such that [a] 6= 1 and [a] 6= [−1],
the value set of the quadratic form 〈1, a〉 = X2 + aY 2 is included in {[1], [a]} ⊆
F×/(F×)2.
By [War78, Theorem 1.9, Proposition 1.1], the level of a 2-rigid field F is either
0, 1 or 2. The case s(F ) = 1 corresponds to the condition that F contains a square
root of −1. 2-rigid fields of level 0 are called superpythagorean.
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6.1. Superpythagorean fields. Let F be a superpythagorean field such that
dimF2 F
×/(F×)2 = d < ∞ and let {[−1], [a2], . . . , [ad]} be a fixed F2-basis of
F×/(F×)2. Then a presentation of H = H•(GF (2),F2) is
(6.1) H = F2〈t, α2, . . . , αn | αjαi = αiαj , αit = tαi, αiαi = tαi〉,
where t = ℓ([−1]), αi = ℓ([ai]) and cup products are omitted (see [Wad83]). For all
n ≥ 1, the set
Bn = {tn−rαi1 . . . αir | 0 ≤ r ≤ d, i1 < · · · < ir}
forms a F2-basis of H
n(GF (2),F2) (see [EL72, Theorem 5.13(2)] and [Voe03, Corol-
lary 7.5]).
Proposition 42. If F is a superpythagorean field with dimF2 F
×/(F×)2 <∞, then
H = H•(GF (2),F2) is PBW.
Proof. We keep the previous notation and we apply the Rewriting Method of
[LV12, Section 4.1]. Consider the degree-lexicographic order on the monomials
of T 〈t, α2, . . . , αd〉 induced by choosing the total order t < α2 < · · · < αd. Then a
normalized basis for the space of relations of H is
{αjαi − αiαj | 2 ≤ i < j ≤ d} ∪ {αit− tαi | 2 ≤ i ≤ d} ∪ {αiαi − tαi | 2 ≤ i ≤ d}.
The corresponding critical monomials are
(1) αiαiαi (2 ≤ i ≤ d);
(2) αjαjαi (2 ≤ i < j ≤ d);
(3) αjαiαi (2 ≤ i < j ≤ d);
(4) αiαit (2 ≤ i ≤ d);
(5) αkαjαi (2 ≤ i < j < k ≤ d);
(6) αjαit (2 ≤ i < j ≤ d).
The graphs of the critical monomials are
Type (1): αiαiαi
✏✏
✏✏
✏✏
✏✏
✏
❃
❃❃❃
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xx♣♣♣
♣♣♣
tαiαi

ttαi
Type (2): αjαjαi
   
 
!!❇
❇❇
❇
tαjαi
✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮
αjαiαj

αiαjαj

αitαj
~~⑥⑥
⑥⑥
tαiαj
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⑥⑥ ❃
❃❃
❃
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
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❅❅
❅
tαjαi
  ✁✁
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tαiαj
Type (4): αiαit
✠✠
✠
✾
✾✾
✾
tαit
✯
✯✯
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✯✯
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
tαiαi
✆✆
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Type (5): αkαjαi
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③③
!!❉
❉❉
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
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
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
αjtαi

αitαj
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❀
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Since all critical monomials are confluent, H is PBW. 
Proposition 43. If F is a superpythagorean field with dimF2 F
×/(F×)2 <∞, then
H = H•(GF (2),F2) is universally Koszul.
Proof. Since H = F2[t](t | α2, . . . , αd) is a twisted extension of the universally
Koszul algebra F2[t], the statement follows from Proposition 31. 
Proposition 44. If F is a superpythagorean field with 3 ≤ dimF2 F×/(F×)2 <∞,
then H = H•(GF (2),F2) is not strongly Koszul.
Proof. We first note that, by the shape of the defining relations of H , for any
i = 1, . . . , d,
(6.2) (0) : αi = (t+ αi).
Since the system of generators {t, α1, . . . , αd} of H is arbitrary, a similar equality
holds in complete generality. Explicitly, for all a ∈ F× such that [a] 6= [1] and
[a] 6= [−1], we have that
(0) : ℓ([a]) = 〈ℓ([−a])〉.
Since dimF2 F
×/(F×)2 ≥ 3, any basis of H1(GF (2),F2) contains at least two
elements ℓ([a]), ℓ([b]) such that the elements ℓ([−1]), ℓ([a]), ℓ([b]), ℓ([−a]), ℓ([−b]) are
all distinct. Now suppose that H be strongly Koszul with respect to a minimal
system of homogeneous generators X = {u1, . . . , un} ⊇ {ℓ([a]), ℓ([b])}. Applying
the previous equality to (0) : ℓ([a]) and (0): ℓ([b]) forces
X ⊇ {ℓ([a]), ℓ([b]), ℓ([−a]), ℓ([−b])}.
But then the system X is not minimal, as it satisfies the relation
ℓ([a]) + ℓ([−a]) + ℓ([b]) + ℓ([−b]) = ℓ([−1]) + ℓ([−1]) = 0 ∈ H1(GF (2),F2),
a contradiction. 
6.2. 2-Rigid fields of level 2. Let F be a 2-rigid field of level 2 such that
dimF2 F
×/(F×)2 = d < ∞ and let {[−1], [a2], . . . , [ad]} be a fixed F2-basis of
F×/(F×)2. Then a presentation of H = H•(GF (2),F2) is
(6.3) H = F2〈t, α2, . . . , αd | αjαi = αiαj , αit = tαi, αiαi = tαi, tt = 0〉,
where t = ℓ([−1]), αi = ℓ([ai]) and cup products are omitted (see [Wad83]). This
graded algebra is concentrated in degrees 0 to d. For all n ≤ d, the set
Bn = {tδαi1 . . . αin−δ | δ = 0, 1, i1 < · · · < in − δ}
forms a F2-basis of H
n(GF (2),F2).
We use the previous notation throughout this subsection, unless otherwise spec-
ified.
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Proposition 45. If F is a 2-rigid field of level 2 with dimF2 F
×/(F×)2 <∞, then
H = H•(GF (2),F2) is PBW.
Proof. Consider the degree-lexicographic order on the monomials of T 〈t, α2, . . . , αd〉
induced by the total order t < α2 < · · · < αd. Then a normalized basis for the
space of relations of H in the sense of [LV12, Section 4.1] is
{αjαi − αiαj , αit− tαi, αiαi − tαi | 2 ≤ i < j ≤ d} ∪ {tt}.
The six types of monomials introduced in the proof of Proposition 42 are again
critical. In addition, there are two new types:
(1’) ttt;
(3’) αitt (2 ≤ i ≤ d).
The graphs of critical monomials of types (2), (3), (5) and (6) are exactly the same
as in Proposition 42. The graphs of types (1) and (4) shall be modified as follows:
Type (1): αiαiαi
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Finally, the graphs of the new critical monomials are
Type (1’): ttt
$$ zz
0
Type (3’): αitt
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★★
★★
★★
★★
tαit

ttαi
❄
❄❄
❄
0.
Since all critical monomials are confluent, H is PBW. 
Proposition 46. If F is a 2-rigid field of level 2 with dimF2 F
×/(F×)2 <∞, then
H = H•(GF (2),F2) is universally Koszul.
Proof. Since H = F2〈t | t2〉(t | α2, . . . , αd) is a twisted extension of the universally
Koszul algebra F2〈t | t2〉, the statement follows from Proposition 31. 
Proposition 47. If F is a 2-rigid field of level 2 with 3 ≤ dimF2 F×/(F×)2 <∞,
then H = H•(GF (2),F2) is not strongly Koszul.
Proof. Identical to that of Proposition 44, observing that Equation (6.2) holds in
this situation as well. 
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7. Koszul filtrations and ET operations
It is natural to investigate the compatibility of Koszul filtrations with direct sums
and twisted extensions. In view of the sharper results in Section 4, the content of
this section is not needed for our applications to Galois groups, but it seems to be
interesting in its own right.
In this section algebras are defined over an arbitrary field.
Proposition 48. Let A and B be algebras with respective Koszul filtrations F and
G. Then the direct sum C = A⊓B has the Koszul filtration H = F⊓G = {IAe+IBe |
IA ∈ F , IB ∈ G}.
Proof. Conditions (1) and (2) of Definition 17 for the family H come directly from
the corresponding conditions on F and G.
For Condition (3), we consider two cases.
(1) I = IA
e, with IA ∈ F \ {(0)}.
Since A+ and B+ annihilate each other, I = IA ∈ F . By hypothesis,
there exist JA ∈ F \ {IA} and a ∈ A1 such that IA = JA + Aa and
JA :A a ∈ F . But, defining J = JAe ∈ H \ {I}, we immediately have
J = JA and J 6= I = Je + Ca as left ideals of C, and we claim that
J :C a = (JA :A a)
e +B+. In fact, the inclusion of the right-hand-side into
the left-hand-side is clear from the definition of direct sum. Conversely,
a typical element of C has the shape x + y for some x ∈ A, y ∈ B, and
without loss of generality we may assume y ∈ B+. If x + y ∈ J :C a, then
xa+ ya = xa ∈ J = JA, hence x ∈ (JA :A a)e, so x+ y ∈ (J :A a)e +B+.
(2) I = IA
e + IB
e, with IA ∈ F and IB ∈ G \ {(0)}.
As before, IA
e = IA and IB
e = IB . By hypothesis, there exist JB ∈ G\{IB}
and b ∈ B1 such that IB = JB + Bb and JB :B b ∈ G. Set J = IAe + JBe.
Then J 6= I = J + Cb. The claim that J :C b = A+ + (JB :B b)e can be
proved in an analogous way as before.

Proposition 49. Let A be a quadratic algebra with a Koszul filtration F . Suppose
that t ∈ A1 satisfies t+ t = 0 and that F has the property2
(♥) J ∈ F ⇒ J +At ∈ F .
Then any twisted extension C = A(t | x1, . . . , xn) has the Koszul filtration
H = {Ie + (Y ) | I ∈ F , Y ⊆ {x1, . . . , xm, t− x1, . . . , t− xm}}.
Proof. We first prove the result for the case C = A(t | x),H = {Ie + (Y ) | I ∈
F , Y ⊆ {x, t− x}}. Conditions (1) and (2) of Definition 17 are clearly satisfied. As
regards Condition (3), any c ∈ C can be written in normal form as c = u + vx for
some u, v ∈ A (Remark 26). We now address several cases separately.
(1) I = IA
e for IA ∈ F \ {(0)}.
By hypothesis, there are JA = (a1, . . . , ar)A ∈ F \ {IA} and a ∈ A1 such
that IA = JA + Aa and JA :A a ∈ F . We then set J = JAe E C, so that
J 6= I = J + Ca, and we claim that J :C a = (JA :A a)e ∈ H. In fact, all
the generators of JA :A a belong to J :C a by construction. For the reverse
inclusion, take any c = u+ vx ∈ J :C a. Then ca = ua− vax belongs to J ,
2The tag ♥ represents the authors’ love for this property.
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that is, ua− vax =∑ri=1(ui+ vix)ai for suitable ui, vi ∈ A. By uniqueness
of the normal form, {
ua =
∑r
i=1 uiai ∈ J,
va =
∑r
i=1 viai ∈ J.
But then u, v ∈ (J :C a)∩A = JA :A a E A, hence u+vx ∈ (JA :A a)e E C.
(2) I = IA
e + Cx for IA = (a1, . . . , ad)A ∈ F , d ≥ 0 and all ai ∈ A1.
We set J = IA
e = (a1, . . . , ad)C , so that J 6= I = J + Cx, and we claim
that J :C x = IA
e + (t − x)C ∈ H. In fact, all the generators of the
right-hand-side ideal belong to J :C x by construction, using the defining
relations of C. For the reverse inclusion, take any c = u + vx ∈ J :C
x. Then cx = ux + vx2 = ux + vtx = (u + vt)x belongs to J , that is,
(u + vt)x =
∑d
i=1(ui + vix)ai for suitable ui, vi ∈ A. Since u + vt ∈ A, by
uniqueness of the normal form, u + vt = −∑di=1 viai ∈ IA ⊆ IAe. Finally,
u+ vx = u+ vt− v(t− x) ∈ IAe + (t− x)C .
(3) I = IA
e + (t− x)C for IA ∈ F .
This case is completely analogous to the previous one, interchanging the
roles of x and t− x.
(4) I = IA
e + (x, t− x)C for IA ∈ F .
We can write I = IA
e + Ct + Cx. Thanks to property (♥), IA + At ∈ F ,
so this case is brought back to case 2.
The proof of the particular case C = A(t | x) is complete.
Note that H inherits Property (♥) from F . Therefore, since
A(t | x1, . . . , xm) = A(t | x1)(t | x2) . . . (t | xm),
the general result follows by induction. 
Corollary 50. Let A be a quadratic algebra with a Koszul filtration F . Then any
twisted extension C = A(0 | x1, . . . , xm) has the Koszul filtration H = {Ie + (Y ) |
I ∈ F , Y ⊆ {x1, . . . , xm}}.
Proof. If t = 0, (♥) is automatically satisfied. 
8. Unconditional results
8.1. Abstract Witt rings. Let F be a field of charF 6= 2. This is of course
equivalent to −1 being a primitive second root of 1 in F , as prescribed by the
Standing Hypothesis 1. In his celebrated paper [Mil70], J. Milnor observed the
existence of a deep connection between three central arithmetic objects: the asso-
ciated graded ring of the Witt ring W (F ) of quadratic forms over F , the Galois
cohomology H•(GF ,F2) of the absolute Galois group of F , and the reduced Milnor
K-theory K•(F )/2K•(F ). This connection takes the shape of homomorphisms of
graded algebras
K•(F )/2K•(F )
ν
ww♦♦♦
♦♦♦
♦♦♦
♦♦♦ η
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗
grW (F )
e // H•(GF ,F2),
which Milnor proved to be isomorphisms in some special circumstances. Milnor
conjectures claim that the above maps are isomorphisms of graded algebras for
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all fields of characteristic different from 2. Milnor conjectures have recently been
proved in full generality: the map η was shown to always be an isomorphism by
Voevodsky in [Voe03], while the map e was shown to always be well-defined and
an isomorphism by D. Orlov, Vishik and Voevodsky in [OVV07]. The precise con-
nection between Galois groups and Witt rings is established in [MS96]. Analogous
results for odd p and the graded Witt ring replaced by Galois cohomology are
treated in [EM11] and [CEM12].
There have been several attempts to encode the abstract ring-theoretic properties
of Witt rings of quadratic forms into a set of axioms. The aim was to define a
unified class of rings that includes Witt rings of quadratic forms and at the same
time is flexible enough to also describe other families of Witt rings. One of the
two equivalent definitions that is now the most commonly used is the following (see
[Mar80]).
Definition 51. An abstract Witt ring is a pair W = (R,G) such that
(1) R is a commutative ring with unit 1;
(2) G is a subgroup of the multiplicative groupR× (the group of square classes),
it contains −1, it has exponent 2, and it generates R as an additive group;
(3) The ideal IW E R generated by elements of the form a+ b, with a, b ∈ G,
(the augmentation ideal) satisfies
(AP1): If a ∈ G, then a 6∈ IW ;
(AP2): If a, b ∈ G and a+ b ∈ I2W , then a+ b = 0;
(WC): If a1 + · · · + an = b1 + · · · + bn, with n ≥ 3 and all ai, bi ∈ G, then
there exist a, b, c3, · · · , cn ∈ G such that a2+ · · ·+ an = a+ c3 · · ·+ cn
and a1 + a = b1 + b.
A morphism of abstract Witt rings (R1, G1)→ (R2, G2) is a ring homomorphism
α : R1 → R2 such that α(G1) ⊆ α(G2).
Remark 52. The Witt ring of quadratic forms over a field F can be viewed as an
abstract Witt ring W = (W (F ), G) with G = F×/(F×)2, and IW is the ideal of
W (F ) of even-dimensional quadratic forms. Axioms (AP1) and (AP2) are the first
two instances of the infinite family of Arason-Pfister properties
AP (k) : if a1 + · · ·+ an ∈ IkW and n < 2k, then a1 + · · ·+ an = 0.
Axiom (WC) is a consequence of the Witt Chain Lemma and the (Dickson-)Witt
Cancellation Theorem ([Dic07], [Wit37]).
Observe that, for any abstract Witt ring W = (R,G), W/IW = Z/2Z, as it is
for traditional Witt rings of quadratic forms.
In the category of abstract Witt rings one can perform two basic operations: the
direct product and the group ring construction.
Definition 53. Let W1 = (R1, G1) and W2 = (R2, G2) be abstract Witt rings.
The direct product of W1 and W2 is the abstract Witt ring W1⊛W2 = (R,G), with
G = G1
∏
G2 being the direct product of G1 and G2, and R being the subring of
the ring-theoretic direct product R1
∏
R2 that is additively generated by G.
Definition 54. The group ring of the abstract Witt ring W = (R,G) over the
group C2 = {1, x} of order 2 is W [x] = (R[C2], G× C2).
To each abstract Witt ring we associate a graded object defined by subsequent
powers of its augmentation ideal.
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Definition 55. Let W = (R,G) be an abstract Witt ring with augmentation ideal
IW . The associated graded abstract Witt ring is
grW = ⊕∞i=0IiW /Ii+1W ,
where by convention I0W = R. If r ∈ IiW , the corresponding element r = r+ Ii+1W ∈
IiW /I
i+1
W of grW is called the initial form of r.
The product of R induces a well-defined product on grW in the usual way: for
r ∈ IiW and s ∈ IjW ,
r · s = rs = rs+ Ii+j+1W ∈ Ii+jW /Ii+j+1W .
Proposition 56. Let W1 = (R1, G1), W2 = (R2, G2) be abstract Witt rings. Then
gr (W1 ⊛W2) = grW1 ⊓ grW2.
Proof. The direct product is defined in such a way that, for i ≥ 1, IiW1⊛W2 =
IiW1
∏
IiW2 , the ring-theoretic direct product of ideals (see [Mar80, Section 5.4]).
In fact, if a, b ∈ G1, then (a + b, 0) = (a, 1) + (b,−1) is the sum of two elements
in G1
∏
G2, which proves that IW1
∏{0} ⊆ IW1⊛W2 . The inclusion {0}∏ IW2 ⊆
IW1⊛W2 is proven analogously. From these inclusions, it follows that, for all i ≥ 1,
IiW1
∏{0} ⊆ IiW1⊛W2 and {0}∏ IiW2 ⊆ IiW1⊛W2 , and hence IiW1 ∏ IiW2 ⊆ IiW1⊛W2 .
The reverse inclusion follows easily from the definition of the operations of a ring-
theoretic direct product. Now, for any i ≥ 1 the maps
Φi : I
i
W1
/Ii+1W1
∏
IiW2/I
i+1
W2
→ (IiW1
∏
IiW2)/(I
i+1
W1
∏
Ii+1W2 )
Φi(a+ I
i+1
W1
, b+ Ii+1W2 ) = (a, b) + (I
i+1
W1
∏
Ii+1W2 )
are well-defined isomorphisms of F2-vector spaces. We also define Φ0 = idF2. These
maps are also compatible with the product, in the sense that the diagram(
IiW1
I
i+1
W1
∏ IiW2
I
i+1
W2
)
Φi

×
(
I
j
W1
I
j+1
W1
∏ Ij
W2
I
j+1
W2
)
Φj

product in grW1⊓grW2 // I
i+j
W1
I
i+j+1
W1
∏ Ii+j
W2
I
i+j+1
W2
Φi+j

IiW1
∏
IiW2
I
i+1
W1
∏
I
i+1
W2
× I
j
W1
∏
I
j
W2
I
j+1
W1
∏
I
j+1
W2
product in gr (W1⊛W2) // I
i+j
W1
∏
I
i+j
W2
I
i+j+1
W1
∏
I
i+j+1
W2
commutes for any i, j ≥ 1 and a similar compatibility relation holds for Φ0. Hence
Φ = ⊕∞i=0Φi : grW1 ⊓ grW2 → gr (W1 ⊛W2) is an isomorphism of graded algebras.

Proposition 57. Let W = (R,G) be an abstract Witt ring. Then grW [x] =
(grW )(t | y), where t = (1 + 1) ∈ IW [x]/I2W [x] and y = (1 + x) ∈ IW [x]/I2W [x].
Proof. We begin noticing that, since 1+x ∈ IW [x], IiW [x] = IiW
∏
(1+x)Ii−1W . Now,
for any i ≥ 1 the maps
Φi : I
i
W /I
i+1
W
∏
yIi−1W /I
i
W → (IiW
∏
(1 + x)Ii−1W )/(I
i+1
W
∏
(1 + x)IiW )
Φi(a+ I
i+1
W , y(b+ I
i
W )) = (a, (1 + x)b) + (I
i+1
W
∏
(1 + x)IiW )
are well-defined isomorphisms of F2-vector spaces. We also define Φ0 = idF2 .
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Moreover, since x has order 2 by construction (see Definition 54), (1+x)(1+x) =
(1 + 1)(1 + x) in W [x], that is, y2 = ty in grW [x]. As a consequence, the maps Φi
are also compatible with the product, in the sense that the diagram(
IiW
I
i+1
W
∏
y
I
i−1
W
Ii
W
)
Φi

×
(
I
j
W
I
j+1
W
∏
y
I
j−1
W
I
j
W
)
Φj

product in (grW1)(t|y) // I
i+j
W
I
i+j+1
W
∏
y
I
i+j−1
W
I
i+j
W
Φi+j

IiW
∏
(1+x)Ii−1
W
I
i+1
W
∏
(1+x)Ii
W
× I
j
W
∏
(1+x)Ij−1
W
I
j+1
W
∏
(1+x)Ij
W
product in grW [x] // I
i+j
W
∏
(1+x)Ii+j−1
W
I
i+j+1
W
∏
(1+x)Ii+j
W
commutes for any i, j ≥ 1 and a similar compatibility relation holds for Φ0. Hence
Φ = ⊕∞i=0Φi : (grW )(t | y)→ grW [x] is an isomorphism of graded algebras. 
Definition 58. An abstract Witt ring (R,G) is realisable if there is a field F of
charF 6= 2 such that R ∼= W (F ) as rings and G ∼= F×/(F×)2 as groups. An
abstract Witt ring (R,G) is finitely generated if |G| <∞.
The basic examples of realisable abstract Witt rings are the trivial ring W (C)
and the rings W (F ), where F is a local field, that is, F is either R or a finite
extension of Qp for some prime p. In addition, the direct product of two realisable
abstract Witt rings is realisable (see [Kul79, Kul85]). On the Galois-theoretic level,
the direct product of realisable Witt rings corresponds to the free pro-p product
of pro-p groups (see also [MPQT, Section 4.2]). Finally, if W is realisable as the
Witt ring of quadratic forms over F , then also the group ring W [x] is realisable
as the Witt ring of quadratic forms over the field of formal power series F ((X)).
On the Galois-theoretic level, the group ring construction of a realisable Witt ring
corresponds to the cyclotomic semidirect product of a pro-p group with Zp (see also
[MPQT, Section 4.2]).
Definition 59. An abstract Witt ring is said to be of elementary type if it is
obtained by applying finitely many direct products and group ring constructions,
starting with the basic Witt rings W (C) and W (local field).
Conjecture 60 (Elementary Type Conjectures for Witt rings).
Weak ETC: Every realisable finitely generated abstract Witt ring is of elemen-
tary type.
Strong ETC: Every finitely generated abstract Witt ring is of elementary type
(and hence realisable).
Up to now, only very partial results in the direction of Elementary Type Con-
jectures for Witt rings are known. Notably,
Theorem 61 ([CM82, Section 5]). Strong ETC holds for abstract Witt rings (R,G)
with |G| ≤ 32.
From this and our results in Section 6 we obtain immediately the following
unconditional result.
Theorem 62. If F is a field of charF 6= 2 and |F×/(F×)2| ≤ 32, then the algebra
H•(GF (2),F2) has a Koszul filtration, and in particular it is Koszul.
Similarly, in [Cor82] Witt rings of fields which contain at most four quaternion
algebras are classified. In particular, they satisfy the Strong ETC, so we obtain the
following.
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Theorem 63. If F is a field of charF 6= 2 and containing at most 4 quaternion
algebras, then the algebra H•(GF (2),F2) has a Koszul filtration, and in particular
it is Koszul.
By Merkurjev’s Theorem [Mer81], the number of quaternion algebras over a
field F , of charF 6= 2, coincides with the cardinality |H2(GF (2),F2)|. Hence, the
hypothesis of Theorem 63 can be equivalently expressed by saying that charF 6=
2 and dimF2 H
2(GF (2),F2) ≤ 2. But this dimension is the minimal number of
generating relations of GF (2) (see [Ser02, Section I.4.3]). Thus, Theorem 63 can be
reformulated as follows.
Theorem 64. If F is a field of charF 6= 2 and GF (2) has a presentation with
finitely many generators and at most 2 generating relations, then H•(GF (2),F2)
has a Koszul filtration, and in particular it is Koszul.
This generalises the main result of [Qua] in the case p = 2.
8.2. Pythagorean formally real fields. A field F of charF 6= 2 is Pythagorean
if F 2 + F 2 = F 2 and formally real if −1 is not a sum of squares in F . A form of
Elementary Type Conjecture has been proved for the family PFR of Pythagorean
formally real fields with finitely many square classes (see [Min86], [Jac81]). Namely,
PFR contains Euclidean fields, that are fields F such that (F×)2+(F×)2 = (F×)2
and F× = (F×)2 ∪ −(F×)2 (see [Bec74]) and
Theorem 65. The family of maximal pro-2 quotients of absolute Galois groups of
fields in PFR is described inductively as follows.
(1) For any Euclidean field E ∈ PFR (for instance, E = R), GE(2) = Z/2Z.
(2) For any two fields F1, F2 ∈ PFR there exists F ∈ PFR such that GF1(2)∗2
GF2(2)
∼= GF (2).
(3) For any field F0 ∈ PFR and any finite product Z =
∏m
i=1 Z2 there exists
F ∈ PFR such that Z ⋊ GF0(2) ∼= GF (2), where the action of GF0(2) on
Z is given by
σ−1zσ = z−1 for any σ ∈ GF0(2) \ {1}, σ2 = 1 and z ∈ Z
Moreover, each maximal pro-2 quotient of the absolute Galois group of a field in
PFR can be obtained inductively from Galois groups of Euclidean fields applying a
finite sequence of the two operations described in (2) and (3).
For any two fields F1, F2 ∈ PFR, H•(GF1 (2) ∗2GF2(2),F2) ∼= H•(GF1(2),F2)⊓
H•(GF2(2),F2) (see [NSW08, Theorem 4.1.4]). Also, for any field F0 ∈ PFR
and any finite product Z =
∏m
i=1 Z2, H
•(Z ⋊ GF0(2),F2) = H
•(GF0 (2),F2)(t |
x1, . . . , xm), with t corresponding to the square class of −1 in Bloch-Kato isomor-
phism. Since H•(Z/2Z,F2) = F2[t] is universally Koszul, using Propositions 30 and
31 we get the following.
Theorem 66. Let F be a Pythagorean formally real field. If |F×/(F×)2| < ∞,
then the algebra H•(GF (2),F2) is universally Koszul.
Remark 67. To any locally finite-dimensional graded K-algebra A we can asso-
ciate the Hilbert series
hA(z) =
∑
n∈N
(dimK An)z
n.
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If in addition A is Koszul, then we can attach to it a sequence of Betti numbers
βn, which measure the number of free summands in the component of degree n of
the Koszul complex of A (see [PP05, Sections 2.2, 2.3] or [EH12, Section 6.1]). The
formal power series
pA(z) =
∑
n∈N
βnz
n
is called the Poincare´ series of A. The two series are related by the formula
(8.1) hA(z)pA(−z) = 1.
In [Min93], for any Pythagorean formally real field F with finitely many square
classes, the Hilbert series of the algebra H•(GF (2),F2) is introduced under the
name of the Poincare´ series of GF (2). These series are then effectively determined
from the structure of the space of orderings of F via a simple recursive formula
([Min93, Theorems 2 and 10]). Using Theorem 65 and Equation (8.1) above, these
results in [Min93] can be extended immediately to derive an effective formula for
the Poincare´ series of the algebras H•(GF (2),F2).
In [JW91, Corollary 2.2], B. Jacob and R. Ware prove that if F is a field of
charF 6= 2, with |F×/(F×)2| < ∞ and with an elementary type Witt ring of
quadratic forms, then, for any a ∈ F , the Witt ring of quadratic forms of F [√a] is
of elementary type as well.
From basic Galois theory and the structure of 2-groups, we obtain the result
that, if F is a field of charF 6= 2 and K/F is any finite (not necessarily Galois)
2-extension such that K ⊆ F (2), then there is a finite tower of degree 2 extensions
F ⊂ F1 ⊂ · · · ⊂ Fn ⊂ K. Therefore, by induction, we obtain a strengthening of
Theorem 66.
Theorem 68. Let F be Pythagorean formally real with finitely many square classes,
and let K/F be a finite 2-extension such that K ⊆ F (2). Then H•(GK(2),F2) is
universally Koszul.
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